Composite quantum systems can be decomposed into subsystems in many different inequivalent ways. We call a particular decomposition a meronomic reference frame for the system. We apply the ideas of quantum reference frames to characterize meronomic frames, identify tasks that require such frames to accomplish, and show how asymmetric quantum states can be used to embody meronomic frame information.
I. INTRODUCTION
Consider a quantum system that is a composite of two subsystems, designated 1 and 2. The Hilbert space for the system is the tensor product space H = H (1) ⊗ H (2) , so that dim H = dim H (1) · dim H (2) . Given orthonormal bases { |k (1) } for subsystem 1 and { |n (2) } for subsystem 2, we can form the product basis { |k (1) , n (2) }. A given composite state |Ψ (12) is a product state provided Ψ (12) kn = ψ (1) k φ (2) n for subsystem amplitudes ψ (1) k and φ (2) n . If no such subsystem amplitudes exist, the state |Ψ (12) is entangled.
However, any given composite system can be decomposed into subsystems in many different ways. We may begin with any orthonormal basis of dim H states in H and then assign each basis state a label |k (A) , n (B) . This assignment defines a decomposition of the system into subsystems A and B, which might be quite different from the original subsystems 1 and 2. Product and entangled states of the (A,B) decomposition can be identified as before from the Ψ (AB) kn amplitudes. A particular division of a composite system into subsystems constitutes a kind of "reference frame" for the system, which we call a meronomic reference frame. (The word derives from the Greek word meros meaning "part of a whole".) As we have seen, a product basis specifies a particular meronomic frame. But of course, the same subsystem decomposition is associated with many different product bases. Thus, assigning a product basis is sufficient but not necessary to specify a meronomic frame. We will give a more precise characterization of meronomic frames in Section III below.
To give a simple and striking example, 1 we begin with two qubits 1 and 2, each with standard { |0 , |1 } bases. From the resulting product basis, we define the maxi-mally entangled Bell states:
± |1 (1) , 0 (2) ) .
The Bell states are themselves an orthonormal basis. We can define an alternate meronomic frame-a decomposition of the system into alternate qubits A and Bby identifying these states as a product basis in the new decomposition. We suppose qubit A has basis { |Φ 
The Bell states, which are entangled in the (1,2) decomposition, are product states in the (A,B) decomposition. Conversely, the state
is a product state in the (1,2) frame but entangled in the (A,B) frame. Given subsystem basis states for the A and B qubits, we can define associated Pauli operators. For example, Z + (B) | , and so on. This yields
It is easy to confirm that these have the usual algebraic relations for Pauli operators on a pair of distinct qubits.
arXiv:1907.04899v1 [quant-ph] 10 Jul 2019
In fact, the specification of these operators defines the qubit decomposition [1] . When we shift to a new meronomic frame, product states may become entangled and vice versa. But why would we choose to make such a shift? One reason is that the dynamics of a composite system may appear simpler in one frame than in another. Suppose qubits 1 and 2 represent some easily identified physical systems, such as a pair of particle spins. These spins interact according to a Hamiltonian
for some parameters α and β. From Equation 4 we recognize that this can also be written
In the (A,B) meronomic frame, the overall Hamiltonian is the sum of independent subsystem Hamiltonians. That is, although the spins 1 and 2 are interacting, we may equally well regard the system as a composite of noninteracting qubits A and B. This general idea is familiar from textbook quantum mechanics [2] . In a system of two interacting particles (such as a hydrogen atom), the Hamiltonian includes kinetic energy terms for both particles and an interaction potential:
We now introduce center of mass and relative position coordinates
so that the system Hamiltonian becomes
where the total mass M = m 1 +m 2 and the relative mass µ = m 1 m 2 /M . The R CM and r rel degrees of freedom are dynamically independent. The energy eigenstates of the system are product states
For a hydrogen atom, these would be plane wave states for the center of mass along with the usual bound and unbound states of the electron relative to the nucleus. But these eigenstates are entangled states of the two original particles. The change of coordinates includes a change of meronomic frame for the composite system. The distinction between meronomic frames may be quite subtle. Once more we start with qubits 1 and 2, and define our new product basis for qubits A and B via
In (a), we consider a composite system comprising qubits 1 and 2. with Hilbert space H (12) = Q (1) ⊗ Q (2) . In (b), a meronomic frame describes how to decompose a tictac system with dim T = 4 into a pair of qubit subsystems A and B.
where θ ∈ [0, 2π). This single change of phase looks innocent, but it is not. Even though all of the (A,B) basis states are product states in the (1,2) decomposition, the collection does not constitute a (1,2) product basisa basis assembled from tensor products of independent subsystem basis states-unless θ = 0. The (A,B) decomposition is a different meronomic frame. We can see this by considering the state
This is obviously a (1,2) product state. For the A and B qubits, however,
which is entangled for all θ = 0, and maximally entangled for θ = π. The general idea behind these examples is shown in Figure 1 . Two qubits form a composite system system with Hilbert space T = Q ⊗ Q (where Q is the qubit Hilbert space with dim Q = 2). Inspired by the oval shape of the composite in Figure 1 , we call any system with dim T = 4 a tictac. Two qubits form a tictac, but any tictac can be decomposed into qubits in many different ways, each corresponding to a particular meronomic frame.
This paper investigates the concept of a meronomic frame by applying ideas and methods from the general theory of quantum reference frames [3] . The next section reviews a few ideas from that theory and describes an example with useful analogies to our problem. Section III proves a theorem that characterizes meronomic frames. In Section IV we describe a type of operational task that requires meronomic frame information to perform. Section V shows how this meronomic frame information can be provided in the form of a quantum state. That is, the decomposition of one system can be encoded in the state of other systems, which serve as a "quantum meronomic frame". Finally, in Section VI we make some general observations and pose a few unanswered questions.
II. PARTIAL REFERENCE FRAMES
Alice and Bob can exchange classical messages and quantum states, and they may perform various operations on the systems in their possession. They can cooperate to accomplish joint tasks. To do so, however, they may need to share common "reference frame" information. For example, if they wish to do a joint measurement of the z-component of spin on a pair of spin-1/2 particles, they must agree on the definition of the z-axis.
The idea of a reference frame is therefore closely related to the idea of symmetry [4] . A symmetry group G-e.g., the group of spatial rotations-connects the frames of Alice and Bob. Each quantum system is equipped with a unitary representation of G. A state |ψ transferred from Alice to Bob is effectively changed: |ψ → U g |ψ , where g ∈ G. In a similar way, if Bob prepares a state |φ and transfers it to Alice, she receives U † g |φ = U g −1 |φ . For a particular known g ∈ G, such a transformation is trivial and does not affect their ability to perform joint tasks. In effect, Bob can simply adjust his frame to match Alice's. However, Alice and Bob may not know which symmetry group element relates their frames.
Here is a schematic representation of the situation:
Each position along the sequence represents a group of possible frame transformations from Alice to Bob. At the left, no frame information is shared, so any symmetry element in G is possible. The arrow represents the determination of a particular reference frame-that is, a particular group element g. Once G is known by Alice and Bob, the frame group remaining is 1, which contains transformations that leave all states invariant (but may change their overall phase).
Even if Alice and Bob do not know which element of G relates their reference frames, they can still perform symmetric cooperative tasks with respect to G. At some stage in such a task, Alice may require Bob to do an operation that is defined in her frame.
• Alice may want Bob to produce a particular state |φ (defined in her frame). This is possible if |φ is invariant with respect to the elements of G-that is, if U g |φ = e iαg |φ for all g ∈ G.
• Alice may want Bob to make a measurement of a particular observable A (defined in her frame). This is possible if [A, U g ] = 0 for all g ∈ G.
• Alice may want Bob to perform a particular unitary transformation V (defined in her frame). This is
For example, suppose Alice and Bob are manipulating spin-1/2 particles, but they lack a common set of Cartesian spatial axes. The group G of possible frame transformations is the full spin-1/2 rotation group SU (2). There are nevertheless invariant states that are the same for Alice and Bob, such as the singlet state |Ψ − for a pair of spins. Similarly, Bob can measure the squared total angular momentum S 2 for the spin pair, and can reliably perform a SWAP operation on any pair of spins.
It may happen that Alice and Bob share partial reference frame information, so that the symmetry group of possible frame transformations is neither all of G nor the trivial group 1. In our spin-1/2 example, Alice and Bob may share only a common z-axis.
Equation 15 gives a schematic of the situation:
With no common frame information, the group of possible transformations is SU (2). Once a common z-axis is specified (that is, a common direction vectorẑ), the two frames are related by a rotation R z (θ) by an unknown angle θ about the z-axis. If this angle is specified, the two frames agree. A partial reference frame reduces the symmetry group from G to a subgroup G 0 . The set of partial reference frames is therefore a quotient structure G/G 0 [3] . This is not necessarily a group, since G 0 need not be normal in G. Both the z-axis example above and the meronomic frames considered below involve non-normal subgroups. Algebraically, a set of partial frames of this type is simply a collection of cosets of G 0 in G. In schematic form,
where G 0 g is a (right) coset of G 0 in G-i.e., a particular partial frame. When Alice and Bob share partial reference frame information, they can perform cooperative tasks that would otherwise be impossible. In the spin-1/2 example, given a shared z-axis, Bob can measure S z for Alice and can prepare S z eigenstates |↑ and |↓ . He can also perform any rotation R z (θ) = exp(−iS z θ) of a spin state about the common z-axis. Other measurements, states and operations remain impossible without additional reference frame information.
In our discussion so far, we have treated reference frame information in a wholly classical way. Bob comes to share a reference frame with Alice by identifying a particular element g of a symmetry group G (or at least a particular coset in G/G 0 ). However, this information must itself have a physical representation. To put the same idea in different form, the reference frame is a source of asymmetry, allowing Bob to cooperate with Alice in performing asymmetric tasks. Physically, this source of asymmetry must be a system in an asymmetric state.
The theory of quantum reference frames examines how quantum states themselves may be used as asymmetry resources for asymmetric tasks. We illustrate this by considering a special type of problem. Bob's reference frame differs from Alice's by some unknown g ∈ G. He possesses a quantum system on which he must perform a measurement that includes the projection |φ φ| (as defined by Alice) as one of its effect operators. Unfortunately, this is not a symmetric measurement, since the state |φ is not invariant. However, Bob does have at his disposal a collection of n quantum systems that have been prepared by Alice in the state |φ , forming a quantum reference frame. How can he use this asymmetry resource to make the desired measurement?
If n were very large, Bob could use quantum tomography [5] to closely estimate the state |φ , then use this information to make an approximate measurement of |φ φ| on the system of interest. But there is a more direct way of using the quantum reference frame. If the system of interest is in the state |ψ (in Alice's frame), we can write this as
where φ ⊥ is a system state orthogonal to |φ . The overall state of the n + 1 systems is therefore
Bob can perform any symmetric measurement on the n+ 1 systems. In particular, he can measure the projection Π S onto the permutation-symmetric subspace S. (Each state in S is an eigenstate of every such permutation with eigenvalue +1.) We can specify a basis for S that contains the following two states:
so that
The probability that the state |ψ, φ ⊗n is found to be in S is
This is equivalent to making a measurement on the system of interest with an effect operator
Even if n = 1, Equation 23 describes an asymmetric measurement, and so a single qubit state can act as a reference frame. For n 1, the permutation-symmetric subspace measurement yields a close approximation to the |φ φ| effect operator. If Bob has an unlimited supply of reference frame systems in state |φ , then he effectively has a classical reference frame. But this is only a partial reference frame. For instance, an unlimited supply of spins in the state |↑ can be used as a classical frame for the z-axis, but provides no information about the orientation of the x and y-axes in the plane perpendicular tô z.
We have seen how a single state |φ provides a quantum resource for a partial reference frame, leading to the construction of an approximate asymmetric measurement (Equation 23). We will use this framework for meronomic frames in Section V below.
III. CHARACTERIZING MERONOMIC FRAMES
Subsystem decomposition determines entanglement. If Alice and Bob share a common meronomic frame for a system, then they will agree about which system states are product states and which are entangled. More abstractly, a meronomic frame is a partial reference framethat is, Alice and Bob may agree on the Hilbert space tensor product structure H = H (1) ⊗H (2) without agreement on other aspects of their frames. We must characterize meronomic frames by identifying the subgroup of frame transformations that leave this structure invariant.
Suppose H = H (1) ⊗ H (2) . We define the group M in one of two ways:
, then M includes all operators of the form V (1) ⊗ W (2) , where V (1) and W (2) are unitary on H (1) and H (2) , respectively.
•
, we choose a SWAP operator X between the subsystems. The group M is the smallest group that includes all unitary V (1) ⊗W (2) and also X. Since
we can write
) definition appears to depend on a particular isomorphism between H (1) and H (2) ,which we need for SWAP operator X, the identification of V (1) with V (2) , etc. However, the resulting group M of operators is the same regardless of the particular isomorphism (and thus the particular X) used to construct it.
The group M defines equivalence between bipartite meronomic frames. That is, Alice and Bob share a meronomic frame if their reference frames are related by an element of M . We justify this by this theorem: 2) . The following statements are equivalent: has a set of Schmidt parameters {λ k }. This means that
where { |k (1) } and { |k (2) } are orthonormal sets of states in H (1) and H (2) . Unitary operators map orthonormal states to orthonormal states, so
for orthonormal sets { k (1) } and { k (2) }. This state has the same Schmidt parameters λ k . Furthermore, if dim H (1) = dim H (2) and we define the SWAP operator X so that X |k (1) , l
= |l (1) , k (2) , we have that X |Ψ (12) = |Ψ (12) . Therefore the Schmidt parameters λ k are unchanged by the application of any local unitary transformation V
(1) ⊗ W (2) or of X, and thus of any combination of these operators. This includes every
(II ⇒ III). Product states are those states with a single nonzero Schmidt parameter λ = 1. Thus, condition 2 implies condition 3 as a special case.
(III ⇒ I). We suppose that U (12) and its inverse U (12) † take product states to product states. Let { |j (1) , m (2) } be a product basis for H (1) ⊗ H (2) . Then the product states
(27) constitute a basis of product states, though we do not yet know that it is a product basis. Dropping the subsystem identifiers for simplicity, we now consider the states |α 0m , β 0m = U |0, m . For m = n, the superposition
(28) must also be a product state. It follows that either | α 0m |α 0n | = 1 or | β 0m |β 0n | = 1. These two possibilities are mutually exclusive. Since |α 0m , β 0m and |α 0n , β 0n are orthogonal, either α 0m |α 0n = 0 or β 0m |β 0n = 0. Thus, exactly one of the following conditions must hold:
(A) | α 0m |α 0n | = 1 and β 0m |β 0n = 0.
(B) α 0m |α 0n = 0 and | β 0m |β 0n | = 1.
In fact, the same condition (either (A) or (B)) must hold for every pair |α 0m , β 0m and |α 0n , β 0n . To see this, consider three states |α 0l , β 0l , |α 0m , β 0m and |α 0n , β 0n . If | α 0l |α 0m | = | α 0m |α 0n | = 1, then | α 0l |α 0n | = 1, and condition (A) holds for all three pairs. Conversely, if | β 0l |β 0m | = | β 0m |β 0n | = 1, then | β 0l |β 0n | = 1, and condition (B) holds.
By considering the states |α j0 , β k0 , we arrive at a corresponding pair of conditions, exactly one of which must hold for all such states: (A') α j0 |α k0 = 0 and | β j0 |β k0 | = 1.
(B') | α j0 |α k0 | = 1 and β k0 |β k0 = 0.
These conditions are related to the previous ones, in that either (A) and (A') both hold, or (B) and (B') both hold. Suppose instead that both (A) and (B') are true. The state
( |α 00 , β 00 + |α 0m , β 0m + |α j0 , β j0 ) (29) must be entangled. From condition (A) we deduce that |α 0m = e iφ |α 00 , and from condition (B') we know |α j0 = e iφ |α 00 , for some complex phases e iφ and e iφ . Then
which is obviously a product state. Hence (A) and (B') are inconsistent. A similar argument shows that (B) and (A') are also inconsistent. Either both (A) and (A') hold, or both (B) and (B') hold.
, we know that (A) and (A') are true. That is, if dim H (1) < dim H (2) , condition (B) must be false, since H (1) is not large enough to contain dim H (2) orthogonal states. Likewise, if dim H (1) > dim H (2) , condition (B') must fail. Conditions (B) and (B') require that the two Hilbert spaces be isomorphic, so that dim H (1) = dim H (2) . We will now show that, under conditions (A) and (A'), we can write U = V ⊗ W . First we define |a 0 ⊗ |b 0 = |α 00 , β 00 , and then define other subsystem states |a j and |b m so that
The states |a j (including |a 0 ) form a basis for H (1) , just as the |b m states form a basis for H (2) . We further observe that the state
must be a product state, which can only occur if |α jm , β jm = U |j, m = |a j , b m . We can therefore define unitary subsystem operators so that V |j = |a j and W |m = |b m . Because U = V ⊗ W , it follows that U ∈ M . Now imagine that dim H (1) = dim H (2) , and that both conditions (B) and (B') hold. We introduce a SWAP operator X for which X |j, m = |m, j . It is not difficult to see that the operator U X preserves product states and must satisfy conditions (A) and (A'). Therefore we can write U = (V ⊗ W )X, which is also in the group M .
Two frames that are related by an element of M will have the same product states, and indeed the same Schmidt parameters for all bipartite states. The two frames thus correspond to the same bipartite meronomic frame. Algebraically, let us identify the full unitary group U (H) as the group of all possible frames. For a general U ∈ U (H), the states |Ψ and U |Ψ may have very different Schmidt parameters. The possible meronomic frames are just the cosets U (H)/M . Two frame operators U 1 and U 2 are in the same coset if they differ only by an element of M :
for some M ∈ M . Thus, two operators U 1 and U 2 correspond to the same meronomic frame transformation if they change the Schmidt parameters of a state in the same way. We can extend Theorem 1 in various ways. For example, the equivalence of statements 1 (that U ∈ M ) and 3 (that U preserves product states) can be extended to the n-partite case by induction. We omit the proof of this fact, and only remark that the group M must be extended with system-permutation operations among all subsystems having the same Hilbert space dimension.
For tictac systems composed of two qubits, we have a further characterization of M : two frames entail the same meronomic frame if and only if the same states are maximally entangled in each. We state and prove this theorem in the appendix.
IV. MERONOMIC TASKS
If Alice and Bob share a meronomic frame for a composite system, they should be able to perform cooperative tasks that would be impossible absent such a shared frame. What sort of task does a meronomic frame enable? Here is a simple example. We suppose dim H (1) = dim H (2) = d, so that the meronomic group M includes both local frame transformations and a SWAP operation. This means that Alice and Bob do not have shared subsystem frames or subsystem labels. In our proposed task, Alice prepares a state |Ψ and gives it to Bob. Bob receives |Ψ = U g |Ψ for some U g ∈ M . His task is to apply a unitary V to the system that will yield a state V |Ψ orthogonal to |Ψ . This task could be used as part of a communication scheme. Bob can either choose to apply V or the identity 1 to the system. If he then returns the state to Alice, she can make a measurement in her own frame to determine which operator has been applied. Also note that, if Alice and Bob share no common frame information at all, the task is impossible. If U g is completely unknown, the state |Ψ might turn out to be an eigenstate of V , so that |Ψ and V |Ψ would be indistinguishable.
By contrast, if Alice and Bob share a meronomic frame, they can accomplish this task. Alice prepares |Ψ as a maximally entangled state of the two subsystems. Therefore |Ψ is also maximally entangled. If Bob chooses a basis { |k (1) } for his subsystem 1, it must be that
for an orthonormal basis { ψ (2) k } (unknown to Bob). Bob chooses V = W (1) ⊗ 1 (2) , where
Then
(This choice of V is far from unique. Any operator of the form W ⊗ 1 or 1 ⊗ W , where Tr W = 0, will work as well.) This protocol is in fact a partial version of superdense coding [6, 7] . Suppose the system is a tictac, and that Alice and Bob agree on its division into a pair of qubits. Bob only interacts with one of the qubits (a fact that makes sense in both frames), but is nevertheless able to encode a one-bit message in the entangled state. If he and Alice share a complete frame for the tictac, then he can do even more. The operators 1 ⊗ 1, X ⊗ 1, Y ⊗ 1 and Z ⊗ 1 yield four states that are distinguishable in Alice's frame, so that Bob can encode a two-bit message.
Now we turn to another example of a task, one that will reveal a good deal about meronomic frames. Again, our basic system is a tictac, and the frames of Alice and Bob are related by some U g ∈ M . The degree of entanglement of a two-qubit state is characterized by a single independent Schmidt parameter. That is, given the composite state |Φ we can find bases { |a 0 , |a 1 } for Q (1) and { |b 0 , |b 1 } for Q (2) so that
for some λ ∈ [0, 1/2]. The state |Φ is a product state when λ = 0 and maximally entangled when λ = 1/2. Suppose Alice prepares a tictac in the state |Φ with Schmidt parameter λ, and then she delivers it to Bob, who receives the state U g |Ψ . This state has the same value of λ as Alice's original. Consider therefore a task in
The |Λ state is a product state between 13 and 24 but is an entangled state of the tictacs 12 and 34.
which Bob determines λ for a state |Φ provided by Alice. This is plainly impossible without a shared meronomic frame, but perhaps possible with such a shared frame.
Even with a shared meronomic frame, though, Bob cannot determine anything about λ from a single copy of the tictac state |Φ . Since Alice and Bob do not know which transformation U g ∈ M connects their frames, Bob effectively receives the mixed state [3] 
(Here we use the unique invariant measure on the compact group M .) The density operator σ is sometimes called the "twirl" of |Ψ Ψ| over M , and is itself Minvariant. That is,
for every U g ∈ M . But there is only one such mixed state: σ = 1 4 1 (1) ⊗ 1 (2) . Therefore, no matter what measurement Bob chooses to make on the tictac, the measurement outcomes will have the same probabilities regardless of Alice's original state |Ψ . Bob can learn nothing about the parameter λ.
If Alice sends many tictacs to Bob, each prepared in the same state |Ψ , then Bob can do better. He receives the state (U g |Ψ ) ⊗N , and by performing quantum tomography on the tictacs he can arrive at an estimate of the state U g |Ψ , and thus an estimate of λ. This estimate will converge on the correct value as N → ∞. Thus, the task we propose is that Bob estimates the Schmidt parameter λ for the tictac state |Φ , given that Alice has prepared N > 1 tictacs in that state.
Bob can obtain some information about λ even if N = 2. Recall the two-qubit singlet state Ψ 
for some phase e iφ . Given tictacs 12 and 34 (comprising qubits 1 and 2, and 3 and 4, respectively), we define
This is illustrated in Figure 2 For the two-tictac system 1234, any element of the meronomic group M is of the form
where
i ) |Λ = |Λ , and thus
The state |Λ is invariant under M . If Alice prepares two tictacs in this state, Bob receives the state unchanged except possibly in phase. Furthermore, on any tictac pair he can make a symmetric measurement that has |Λ Λ| as one of its effects. Suppose therefore that Alice sends two tictacs in a duplicated state |Φ, Φ . If we fix standard bases { |0 , |1 } for the qubits, we can always write |Φ = V ⊗ W |Φ , with
We can also write
Hence, if Bob makes a symmetric measurement with effect |Λ Λ| , the probability of this effect is
If |Φ is a product state of qubits (λ = 0), the |Λ Λ| effect never occurs in the measurement. Even a single measurement on a duplicated tictac state |Φ, Φ may thus reveal that |Φ is entangled. If Alice provides many tictac pairs in the state |Φ, Φ , Bob can make a statistical estimate of P Λ = λ(1 − λ) and infer the Schmidt parameter λ itself. The state |Λ has several remarkable properties that are worth noting. It, like every duplicated state |Φ, Φ , lies in the symmetric subspace Sym(T ⊗ T ). This subspace has dimension 10. The duplicated product states all lie in a 9-dimensional subspace of Sym(T ⊗ T ), and |Λ is the unique symmetric state orthogonal to all of them. Furthermore, no duplicated entangled state is orthogonal to |Λ .
V. QUANTUM MERONOMIC RESOURCES
We have seen that the only tictac state that is invariant under the meronomic group M is the mixed state (1) ⊗ 1 (2) . This is a special case of a more general fact. Suppose we have any composite system with Hilbert space H = H (1) ⊗ H (2) ⊗ · · · . This system has a meronomic group M as defined in Section III. If we "twirl" any state by the elements of M , we obtain the unique M -invariant state
where d = dim H. Thus, no state of a single system can convey meronomic frame information from Alice to Bob, nor can it serve as a quantum resource for a cooperative task that depends on a common meronomic frame. One tictac can indicate nothing about how a tictac should be decomposed into qubits. A pair of tictacs in the state |Λ , however, does carry meronomic information. Suppose Bob wishes to make the λ-estimating measurement on the duplicated state |Φ, Φ . Alice has provided n additional tictac pairs in the state |Λ to serve as a quantum meronomic resource. This is analogous to the situation in Section II in which n spin states |↑ served as a quantum reference frame for a measurement of S z on another spin. Bob now proceeds exactly as he did then. His n + 1 tictac pairs are in the state |Φ, Φ, Λ ⊗n , and he measures whether this state is in the permutation-symmetric subspace of the n+1 pairs. Equation 23 tells us that this is equivalent to measuring the effect
on the tictac pair of interest. This provides some meronomic frame-dependent information even for n = 1, and it yields a good approximation of the desired measurement for n 1. Specifying the state |Λ for a tictac pair completely determines the tictac meronomic frame, since the Schmidt parameter λ of any tictac state |Φ is determined by Equation 48. But since |Λ is M -invariant, the state provides no additional frame information beyond the subsystem decomposition itself. An unlimited supply of |Λ states is therefore equivalent to a classical meronomic frame.
The meronomic frames of a tictac system form a continuous set. The product basis states in Equation 11 define a different meronomic frame for each value of θ ∈ [0, 2π). Therefore, by the reference-frame version of the Wigner-Araki-Yanase theorem [8] , no finite collection of systems can convey complete meronomic frame information. As we will now show, however, a single tictac pair can convey complete information about how subsystems are to be labeled.
We have defined the meronomic group M to include the swap operation X between identical subsystems. That is, Alice and Bob may share a common decomposition of a tictac into a pair of qubits, but not have a common assignment of labels 1 and 2 to the qubits. They lack a common "reference ordering" for the subsystems [3] . If Alice and Bob have both the same subsystem decomposition and the same reference ordering, we say that they share an ordered meronomic frame. The symmetry group M 0 for such a frame includes all product unitary operators V
(1) ⊗ W (2) , but not X (12) . Schematically,
were ξ is either 1 or X. If Alice and Bob initially share a meronomic frame for tictac systems, how can they come to share an ordered meronomic frame? To do this, Alice prepares a mixed state τ of a tictac pair:
where Π S and |Ψ − Ψ − | are projections onto symmetric and antisymmetric subspaces of a two-qubit system. The state τ is invariant under the elements of M 0 , but
is in fact orthogonal to τ . When Bob receives the tictac pair from Alice, it is either in state τ or τ , depending on whether their frames differ by a SWAP. He can distinguish these two possibilities by a measurement, and then adjust his own subsystem labels to agree with Alice's.
VI. PROSPECTS AND QUESTIONS
In quantum theory, we often imagine that the quantum world is assembled from elementary subsystems. A quantum computer, for instance, is regarded as a collection of well-defined qubits. The tensor product rule for system composition is posed as a basic postulate of quantum theory [7] . Even abstract axiomatic reconstructions of quantum theory often include a composition axiom that leads to the tensor product rule [9, 10] .
But the world is not like that. Subsystem decomposition is a structure imposed on a system by our description of it. Of course, our choice of meronomic frame may be motivated by sound practical considerations. We ask what degrees of freedom have nearly independent dynamics, or are individually controllable, or are resistant to decoherence [11] . In any experimental realization of quantum computing, a key issue is identifying suitable qubits! Nevertheless, the meronomic frame we use remains a choice, and any composite quantum system can be decomposed into subsystems in infinitely many ways.
A meronomic frame is a prerequisite for many concepts in quantum theory. Without a given division into subsystems, we cannot begin to discuss entanglement, decoherence, locality, or a host of other issues. All of these depend in an essential way on the choice of meronomic frame.
In this paper we have only begun to explore meronomic reference frames, and many questions are still open. The characterization in Theorem 1 applies to bipartite systems of all sizes, and the equivalence of statements I and III also holds for n-partite systems (with a suitable generalization of the definition of the group M ). But what about Theorem 2, which we have proven only for tictac systems?
Furthermore, we observe that the "partial superdense coding" task described in Section IV does not require a complete shared meronomic frame. It suffices for Alice and Bob to agree on a two-dimensional subspace P ⊂ T of product states, from which Bob can construct the required unitary V . This suggests that Alice and Bob can share a "sub-meronomic" frame, giving them some (but not all) of the power of a shared subsystem decomposition. How should such frames be described? What quantum resources can represent them?
Here we must acknowledge a difficulty. In the theory of quantum reference frames, frame information is embodied in asymmetric physical states. The spatial coordinates used in a laboratory, necessary for experiments on atomic-scale systems, depend on the translationally and rotationally asymmetric state of the laboratory apparatus. But notice that the whole idea of a quantum reference frame presupposes a subsystem decomposition of the world. This is equally true of our quantum meronomic frames. We can use the |Λ state to represent the subsystem decomposition of a tictac, but only if we have already divided the world into tictacs.
This raises the spectre of infinite regress. We can represent subsystem decomposition by physical means only if we take as given the decomposition of a larger system. We must therefore conclude that our discussion of quantum meronomic frames does not completely account for the physical origin of the subsystem structure of the quantum world.
• ψ 0 |φ 0 + φ 0 |ψ 0 = 0.
• ψ 1 |φ 1 + φ 1 |ψ 1 = 0.
• ψ 0 |φ 1 + φ 0 |ψ 1 = 0.
(The first two arise from normaliztion and the last from orthogonality.) With respect to the { |φ 0 , |φ 1 } basis, the matrix form for U 
The operator U φ ψ is both unitary and Hermitian, so its eigenvalues are all +1 or -1. The operator 1 2 (1 + U φ ψ ) has eigenvalues +1 or 0, and thus is a projection operator. We know that this is neither the identity nor the zero operator, so it must be that 1 2
(1 + U φ ψ ) = |u u| (A6)
for some qubit state |u . The vectors |χ 0 and |χ 1 are both multiples of |u , and therefore
( |Ψ + |Φ ) is a product state.
We are now ready to prove Theorem 2 itself. Let |ψ, φ be an arbitrary product state. We define maximally entangled states
